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dipole moment, again because the total change of e ’  
through the secondary dispersion region is small. bond of the ring in monomeric propylene oxide. 

with the observed16 moment of 0.22 D along the C-C 

From either relation, and for each of the two branched 
polymers, it is found that the root-mean-square type A 
moment per repeat unit is 0.18 D. This numerical 
value is exactly the same as that found previously? 
for linear poly(propy1ene oxides), and compares well 
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ABSTRACT: Expressions for the configurational entropy of superhelix-like molecules have been developed, using 
a random-walk cyclic model containing N rigid links of length h. with a minimum loop size of q links. Criterion of 
the configurational restriction into t + 1 loops is chain contact. within a volume rre2b ,  at t points, where re is an 
averaged closure radius. Application of ring-closing theory gives approximately S(N,q,t) = k In [(2t!)-1Nt+S12 
(LCF)l] + kZlnZ/l, where LCF = (3/2j3 ‘h-’ Yre /b )* ,  and l i s  II(from i = 1 to f + l ) (mL)- ’~z /~nlmt+l ,  mi being the 
size of the ith loop in the molecule. The indicated averaging was performed by Monte Carlo summation over a 
large sample of molecules with random m,’s, yielding a function approximately equal, for Z In Z/Z, to A - Bt, for t 
above 2. Computations for a A-phage-DNA-like model with N = 200. y = 2. and LCF = lom4 at varied t show a 
monotonic decrease of S with t of an order slightly higher than linear. reaching -965k eu for the maximally 
looped structure with t = 99. Expressions for distributions of t in ensembles with fixed net twist are derived; it is 
shown that reverse twists are unlikely in many loop molecules. Loop size distributions are also generable from 
expressions given by the theory: hydrodynamic variables are more properly calculated therefrom than from earlier 
simplified superhelix models. 

-- 
_ _ _  

ecent interest in superhelices stems from their R discovery in viral and mammalian nucleic acids. l-5 

Mechanistic models have been produced6“ to account 
for their sedimentation and viscosity properties. This 
paper describes the start of a general configurational 
theory of the superhelix structure ensemble, as distri- 
butions of such configurations may be expected in 
response to  the parameters aKecting the ensemble. 
Its main thrust is the calculation of probabilities for 
the possible configurations in looped molecules, and 
by direct inference the distributions of loop numbers and 
sizes, and the entropy of specific collections of loops 
resulting from superhelix-generating chain twists. 

The presence of multiple closed-end loops and con- 
tacts of crossed sections of the primary helix chain 
distinguishes a superhelix from an ordinary cyclic 
molecule. The latter may develop a small number of 
loops in random fashion, but the superhelix has an 
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average excess of loops twisted in one direction. 
Figure 1 shows two possible models of superhelical 
chains. representing the twisted loop, or “interwound” 
model 2 , 8  considered here. We reject the “toroidal” 
modelY as a physical reality, on the basis of experience 
with physical models of superhelix twist, which promptly 
close the opened loops, to  assume the interwound 
configuration. 

We define a loop index t t o  be the total number of 
chain contact crossings in either twist direction, leading 
to  t + 1 loops. In Figures la  and lb ,  the twist direc- 
tions are represented t o  be in the same direction. In 
fact t is a continuous variable, but here it will be con- 
sidered discrete, as a convenience of theoretical analysis. 
We will also regard t as a de fucto number holding for 
a particular configuration at  a particular time, rather 
than as a time average, or as the quantity of potential 
chain twist which would just relieve the uncoiling of the 
primary helix. We are then free to  consider the en- 
semble of possible looped molecules with any specific 
integral t ,  and to  compute the entropy of the ensemble. 
Then any needed study of collections of configuration 
with various t’s lumped together, or integrations over 
wried t ,  can be performed. 

(8) J. Vinograd, J. Lebonitz, and R. Watson, J. Mol. Biol., 33, 
173 (1968). 
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A Model for Calculation of Configurational Prob- 
abilities. We take as  our model for configurational 
calculations a n  artificial but familiar one, consisting of 
N freely rotating. rigid links of length b each, looped by 
t crossings representing internal points of chain con- 
tacts, and giving t + 1 loops in a closed cyclic molecule. 
We specify the loop sizes as m1,n72. . in,. . .nrL+l, with 

m i  = N .  We consider only a n  unbranched loop 

structure such as that in Figure l a  for this simple model, 
leaving branched structures for later refinement. The 
loop sizes mi are consequently indexed from one end 
of the model to the other, and there is a twofold am- 
biguity of indexing, depending on the end used to  start 
counting configurations. In work to  follow the m, 
are considered a s  discrete integers, although they, too, 
are actually continuous. We further restrict the loop 
size to some minimum value 4. For  independent seg- 
ments with zero volume, q would be 2 ;  considering 
excluded volumt: requires a q of at  least 3. We finally 
assume that there are no directional restrictions on  the 
segments arising from the loop-generating chain con- 
tacts, but only the restriction of configuration due to  the 
termination of ends of the segments. We are now pre- 
pared, with the aid of previous theory on entropy of 
ring closureg and assumptions about the closeness of 
chain contact, to calculate probabilities of specific 
configurations, and entropy of a given ensemble of 
molecules fitting these model parameters. 

The Probability of Two-Loop Structures. Let us 
consider the formation of a single chain crossing, 
leading to a superhelix-like configuration with r = 1. 
The series of steps used is depicted in Figure 2. The 
single configura1.ion and position of the contact must 
be specified, using the following choices, corresponding 
to the steps in Figure 2.  

a .  Choose a starting point, indicated by the large 
dot. Such points are treated as distinct only if they 
are one link apart. The quantizing of the chain in 
units of single links gives an absolute value of entropy 
dependent on  the link size. but an entropy change be- 
tween configuraiions which is independent of the link 
size, except for ring closures. For  the latter, theory 
is used9 which :items from quantization of the chain 
into units of this size. There are, then, N different 
places a t  which the starting point can be chosen. 
However, either of two starting places will give the 
same configuration, with m 1  and m2 interchanged, 
namely the notch and dot. The choice factor is thus 
N/2 .  

b. Choose the size of loops 1 and 2, ;.e., inl and m2. 
The notch and dot in Figure 2b fix these. This can be 
done in N - 2q + 1 ways, by choosing a point among 
the remaining link joints a t  least q units from the starting 
point. 

c. Break a bond at the starting point. The prob- 
ability of this optration is the inverse of the probability 
01' ring closure, a5 given by previous theory.g This 
equals N 3  'IRCE:, where RCF is a geometrical ring 
c.losing factor, of value ( 6 / ~ ) ' j ' [ r ~ / b ) ~ ,  with I'" the aver- 
:rge distance over which the bond C U ~  form. Since this 

t + l  

i = l  

( 9 )  H. Jacobsoii and W. H. Stockmdyer, J .  Chem. Ph? s., 18, 
1600(1950). 

Figure 1. Two simple superhelix configurations, t = 4. 

factor cancels out in these derivations, its exact value is 
unimportant. 

This is the crucial 
operation in determining the major portion of the 
change in entropy. For  what position can the broken 
end of the first loop be considered closed'? From the 
chain quantization, we consider that over a length 6,  
the loop size will be a constant, i.e., ml. And there is 
some effective cross-sectional area about this chain 
link within which the loop end must find itself. Using, 
as simplest expression, a constant erective cross-sec- 
tional area defined as 7rrC.? as criterion of loop closure, 
the required erective volume of loop closure becomes 
TY*.%. This volume defines a loop-closing factor, 
or LCF, which uses the above volume in place of the 
4 / 3 r r O 3  used for RCF.  Taking the ratio of these vol- 
umes, and multiplying the above expression for RCF,  
we calculate that LCF is (3,12)" '7r-1,2(r,Jh)2. LCF 
does not cancel out of the entropy expression? whose 
major term will be seen to be proportional to In LCF. 
In actual superhelices, chain torsional forces push the 
chain sides into contact in t places. until they meet 
with electronic charge cloud repulsions, with vacillation 
about equilibrium distances caused by thermal torsional 
oscillations. The quantity re is therefore some geo- 
metric average over the available distances, from the 
deepest possible penetration of squeezed-together chains 
to  the farthest excursion from contact that thermal 
oscillation will occasionally allow. With understand- 
ing that the LCF factor may show some dependency 
on t or nil in a more detailed treatment, we continue 
with a constant one. The probability factor for the 
closing of the loop of size m l  is thus taken as LCF.  
( ~ 7 ) ) ~ ~  '. 

Since the end of this 
free loop must make contact with the end of the broken 
chain, within one bond length, i.e., yo,  the closing prob- 
ability factor is given by ring-closing theory as R C F .  
( i l l , )  

We now define a contiguration probability factor 

d. Close the loop of size ml. 

e. Close the loop of size nip .  

b 

Figure 2. 
a cyclic molecule. 

Stepwise production of a two-loop structure from 



for any given assignment of the quantities N, q, t,  and 
the mZk, in this case m1 and m?, to  be9 O(N,q,t,mi). 
As given by multiplying the results of the above se- 
quence of five operations 

Q(N,q,l ,ml,m2) = 

( N ( N  - 2q + 1),5!) { LCF) { ~ ~ 3 ~ ~ ( m ~ m ~ ) - ~ / ~ f  ( I )  

The division of bracketed terms in (1) represents the 
three sources of entropy change in ring formation: 
first, the number of ways of generating loops, a large 
number; second, the likelihood of closing the loop 
with a chain contact, a small number; and last the 
random-walk replacement of a single large ring, size N ,  
by a number of small rings of size mi, a small number. 
Both of the latter two factors are interrelated and stem 
from ring-closing theory, but the first is the result of 
end-of-loop position geometry, and the second result 
of replacing a long random walk which returns by a 
series of shorter ones. In analogy with subsequent 
work, we will define [I - (2q - l ) / N ] ( m l m 2 ) - 3 i 2  as I, 
leaving the remaining terms, N7/g LCF/2, as F(N,y,l); 
we define I and F as 

fi(N,q,?,mt) FW,q,t). I(N,q,t,mi) (2) 

F is that part of 0 which is independent of loop sizes. 
If we now ask whether 0 must be always smaller than 

unity, a paradox develops. Examination of (1) con- 
vinces that for large enough N, Q can exceed unity. 
This seems to imply that a n  entropy increase occurs on 
going from the unrestricted cyclic configuration into a 
restricted, looped one. Reflection, however, interprets 
the probability factor as something other than the quan- 
tity whose logarithm gives the entropy. In the case of 
very large N, a molecule containing a loop is certainly 
more likely than one without one. A set of such large 
molecules not subject t o  chain torsions will then possess 
more looped structures, the loops twisting in random 
directions, than unlooped ones. Consideration of 
entropy must then involve weighting and integrating the 
logarithms of the probability factors over the entire 
ensemble of loop sizes and values of r ,  using the appro- 
priate distribution functions. 

We now describe the necessary summation over the 
ensemble of varied loop sizes leading to  calculation of 
configurational entropy change to  give the loops. 
We term this entropy change S(N,q,r), and define it as 
k times the mean value of the logarithm of a(N,q,t,mi) 
averaged over all accessible values of mi, with 0, the 
probability of each configuration, as weighting factor 

(3) 

where the summation extends over all possible values 
of mi. For f = 1, this is a single summation over m 1  

from q through N - q, with m?, which equals N - nil, 

taking on complementary values. This summation 
has no simple answer in closed form, although readily 
performed, as below, on computer. 

The process of' eq 3 may appear to  be a duplication 
of the summing over all possible combinations of mi, 
here ~ 1 7 ~  and m?, of which there are N - 2q + 1 possible, 
as already performed in the computation of 22 for 

eq 1, particularly in step b. Had we omitted the term, 
which we define as Z(N,q,t) = c ( 1 ) ,  from a, it would 

be necessary to insert k In Z into (3), which simply 
averages the entropy per configuration of inl and m2. 
It is more convenient to  have put Z into 9, as we have 
done here and do later. A similar problem arises with 
summing over t ,  with which we have not done likewise, 
as the distribution over t is in general quite sharp, and t 
can be taken as a system constant or near constant. 

For  an approximate answer in closed form, we may 
replace the summations in (3) by integrals. From the 
definitions of (2) and (3), and within the approximation 
of integral for sum 

ma 

= k In F(N,q,l) + I r Z  In I /Z  (4) 

where the bars signify averaging I over the range of 
ml and m2, by summing or  integrating. 

The averaging of In !I weighted by the state probability 
in (3), (4), (19), (20), and (21) is correct for the usual 
concept of thermodynamic entropy change, particu- 
larly where we shall later roughly equate TAS to  A H ,  
the driving energy causing superhelix formation. For 
simple calculation of the total fraction of superhelical 
configurations, however. a plain summation of i2 over 
mi will suffice. This sum, if performed with Q from 
(I), would indeed include Z twice, and so must either 
be divided by Zrnt(l), or the Zfactor eliminated from (1). 

Now substituting the expression for Q and its parts 
from (1) 

S(N,y,I) = k In {N7 '? [1  - (2q - 1)/N]LCF/2) + 
s - q 

( f ? 7 1 m p ) - 3 ' 2  In (mlmy)-3 /Z drn 

l ' - - q ( m 1 m 2 )  - 3/2 dm 

From (4), the numerator of the integral-containing 
term is I In I ,  and the denominator is I ,  except that the 
in-independent correction term [I - (2q - 1)/m is 
shifted back with F here. 

By elementary methods of integration, replacing 
m1 by n7, and ni2 by N - m 

( 5 )  k 1 
~ - 

7' = (N - 2q)(2jN)'[g(N - q)] -- 'I' (6) 

Z E  = -3/2{ [In ( N  - q)  + in ql(N - 2q)(2/N) X 

[q(N - 411 - "' + 2(2/N)'(N - 2q) X 

[q(N - q)]-'/ '  + 4(2/N)? [sin-' 

( q / ~ ) ' / z  - sin-1 (1 - y/~) ' / ' ] )  (7) 

Whence 

I l n Z / I =  - 3 / 2 ( I n ( N - q ) + I n q + 2 +  

4~sin-l ( q / ~ ) ' / '  - 
sin-' ( I  - q / ~ ) ' ~ ' 2 l [ q ( ~  - q ) 1 ' 1 ~ / ( ~  - 2q)) (8) 

We will not reproduce the integration, as performed 
with parts and reference to  standard tables, but ~~ the 
two indefinite integrals corresponding to  Zand I In I ,  



respectively, are (m - N/2)(2/N)'[m(N - ~ n ) ] - ' , ' ~ ,  and 
-3/2{[ln m + In ( N  - m)J(n? - N/2)(2/N)*[m(N - 

sin-' ( in/N)' ,  '1 ; differentiation will give back the in- 
tegrands of ( 5 ) ;  substitution of the limits gives the re- 
sults cited in (6) and (7) .  

To achieve physical feel for results of this model, 
we proceed with calculation of the entropy of a two- 
loop ring, using ( 5 )  and (8), and representative param- 
eters. We take N = 200, corresponding approximately 
to estimates of the link length of X-phage DNA,1u 
use y = 2, and a guess of for LCF, corresponding 
to r ,  of about 7 A. Substituting these values in ( 5 )  
and (8) gives S(200,2,1) = -2.46k eu. The use of the 
integral instead of the sum gives a val~ie for I In I ; ]  
(without the minute correction term) of -11.08k eu, 
a figure within 0.1 (as seen below) of the one computed 
with the summation formula. The other terms include 
-9.21k eu for In LCF, and 17.83k eu for the logarithm 
of the balance of the quantity F(200,2,1) (with the 
correction term). This figure would rise to S = 0 if r,. 
were as large as 25 A ;  re could be more constrictive 
and give yet more negative entropy values. Fairly large 
numbers of two-looped structures may thus be expected 
in untwisted helical structures as large as h DNA, if the 
other parameters are reasonably good estimates. Smaller 
molecules without chain torsions would have little 
tendency to  show closed loops. 

Direct addition of configuration probabilities, as 
mentioned above. give entropy results slightly more 
negative than the correct weighted-logarithm ones. 
The differences are only in In I ,  and change the over-all 
entropy by about k eu for t = 1, rising to 3k eu for 
t = 3, and dropping thereafter to a n  insignificant portion 
of the total AS. The actual fraction of single-looped 
structures in the example above is about 0.03, rather 
than the 0.085 which would be calculated from an 
entropy of -2.46k eu. 

The Probability of Many-Looped Structures. We 
now proceed to the calculation of the probabilities of 
configurations with more than two loops. Figure 3 
shows the steps in a process similar to that of Figure 2 ,  
leading from a cyclic molecule to a looped but un- 
branched structure containing t + 1 loops. We 
enumerate the depicted steps and the res~iltant prob- 
ability factors. 

a. Choose a starting point (large dot). As before, 
the probability factor is N/2. 

b. Choose all ; + 1 values of mi,  i.e., the sizes of 
the loops, in order. The probability factor associated 
with this step is 

/H)]-',' - (2/N)'(N - 2/n)[m(N - WI)]-"' - 4(2/N)* 

{ N  - ( t  + 1)~) + t )  ! / { N  - ( t  $. 1)Cj) ! t !  = 

{ N W ]  I1 - { < t  + I)(Y - 1) + i J / " l  
i = l  

This factor, the number of ways of arranging N- 
numbered objects into t + 1 piles of contiguous num- 
bering, none smaller than y, is a known combinatorial 
quantity. Tht. author will provide :i derivation. or1 

req iicst. 

( I O )  J .  E. Hcarst a i d  W. H. Stockmaycr, J .  C h m ,  Ph? s., 37, 
1425 (1962). 
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e 
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- 
LOWER SEGMENTS 

n 

Figure 3. 
from a cyclic molecule. 

Stepwise production of a multi-loop structure 

c. Set the crossing points within the loops. To any 
nonend loop of mi links, there correspond m i  + 1 
ways of forming the crossing points, with more or less 
links partitioned between the upper and lower seg- 
ments. The notches in Figure 3c delineate the exact 
position of the crossings, and consequently the segment 
sizes for both upper and lower ones. The configura- 
tions containing zero links (none are depicted in Figure 
3) for upper or lower segments are seen to  be branch 
points containing a single loop. These are reasonable 
possible configurations in the model here, and have been 
retained in further calculations. 

The crossing position on the end loops is fixed by the 
choice of starting point, the size of nil, and the positions 
chosen for the middle-loop segments. Therefore the 
probability factor for the crossing point selection is the 

product, for the middle loops only, 11 (ni, + 1). 

viously, this has the probability factor of N", 'iRCF. 

crossing point. 
LCF(inl)- ', I. 

point. and form the bond. 
is RCF(N - '. 

g-i. 
i n 2  links. 

j-z. 

1 

z = 2  
d. Break the bond at  the initial point. As pre- 

e. Close the first loop, with in1 links, at the selected 
As previously. the probability factor is 

Close the remainder of the molecule at the selected 
Here the probability factor 

Repeat steps d-f to  form the second loop of 
The probability factors, in order, are ( N  - 

Repeat steps d--f f - 2 more times, to form the 
remaining  loop^, including the final configuration with 
I + 1 loops. As a result. the probability Factors 
multiplied together f'rorn thr 31 steps d ~ - z  will includr 
the following. 

1 .  No R C F  factors; they, together with any en- 
ergy terms from bond breaks and reforming, will 
cancel out. 

f. 

RCF, LCF( /~I?) -~ / ' ,  and RCF(N - ml - 117.). 



654 HOMER JACOBSON Mucromolecules 

2. (LCF)'. Each of the t closures of loops will bring 

3. N 3  IT mi-3 '. All of the factors containing 

an intermediate ring size, e.g. ( N  - m1 - m2 - . 
-mi)?? , will cancel, except the last one, mi+ , 
which is the last term in the -3/2 power product. 
The other t terms in the product arise in loop-closing 
steps such as e and h. 

The over-all probability factor for the structure with 
loops of size mi, i.e., m ~ ,  mr, . . . n7,, . . . / Y I , + ~ ,  is therefore 

in one such geometric factor. 
t +  1 

i= 1 

- 

t 

Q(N,q,f./nJ = [Nt+' '/(2[!)](LCF)' 11 (177, + 1) X 
i = 2  

1 t+ l  

t = l  t =  1 
11 [I - i ( t  + I ) ( ~  - 1) + i ] / N l  rI ( m i ) - : 3  2 (9) 

The first two of the product expressions in (9) cause 
difficulties in visualization of effect of q limitation on 
loop sizes (second product expression), and of the pres- 
ence of single-loop branches (first product expression) 
on the entropy. These can be overcome by making 
reasonable approximations to  the expressions. 

The second product expression in (9) can be closely 
approximated by using the average value of i, namely 
( r  + 1) /2 ,  therein. This gives N ' ( 1  - ( t  i- l)(q - 
l/./Nl ' for the value of this term. The bracketed term 
represents the q correction for loop size on the number 
of ways of partitioning into loops; it is small for small 
t, and is small when q << average mi. 

The first product expression in (9) can be broken 

up similarly to  give 11 (mi) 11 (1 + l /mi).  The 

first part of this can be included with the third product 
expression of (9), as below. Evaluation of the second 
part? essentially a correction term due to single-loop 
branches, cannot be made quite as simply as was the 
correction term above. Simple replacement of l i n i i  
by its average value ( r  + 1)iN leads to a poor estimate 
of the average value of 11 (1 + 1,'mi): or to  the desired 

weighted average of its logarithm, In (1 + l/mi), 
since small values of m,  have a disproportionate effect 
on this correction term. The averaging, as done in 
Appendix A, leads to  a fairly complicated but closed 
transcendental function of N ,  q, and r ,  which we simply 
represent as In (1 + l / m J  in what follows; its value is 
tabulated below. 

The over-all result of these approximations and shifts 
is 

t 1 

1 = 2  I = ?  

1 

Again we can break up 12 into terms (I) which depend 
on m i ,  and those ( F )  which do not. (Although the 
bracketed approximation correction terms do not seem 
to involve m,, we include them with the product terms 
at the end of the expression, since their accurate value, 
as in (Y), does indeed depend on the values of the m,. 
In either case, we incorporate the N' term into F(N,y,r) 
leaving the balance of the terms in either (9) or (10)  
for I . )  

F(N,q,r) = (2t !)-'N'+"':(LCF)' (11) 

Collections of Configurations with Constant t. The 
set of all configurations with fixed r ,  as in the case inte- 
grated above for I = 1, must now be considered in 
order to  estimate the entropy as a function of r .  The F 
portion of < I  does not depend on the configuration, but 
the I portion must be appropriately summed. We 
start by finding limits for maximum and minimum 
values for (1. We need only d o  this for I ,  and for this 
purpose we will ignore the approximation terms in 
(lo), using the last term only. Writing this m,-de- 
pendent term as 

the method of Lagrangian multipliers immediately 
suggests itself. U is subject to the restriction that 

t + l  
nit  = N 

i = l  

Then, by the customary "maximization" of such ex- 
pressions 

b In U,!bm, + crdNlbmi = d/bmi 
t f l  II i = l  

- (In mi) - 

In ml - In ml+l  + a (14) 1 
= CY - '/?in, ( 2  _< i 5 r). or 

( i  = 1 or i = t + 1) (15) 

whence, m i  = 3/(2a),  when i = 1 or i = t + 1 ;  and 
in, = 1/(2a) ,  otherwise. Substituting these values for 
n 7 ,  into condition 13, CY = ( t  + 5)/2N. Whence, mL 
and mi+, = 3N/(r + 5 ) ,  and all other mi = N / ( t  f 5). 
Further 

= 01 - "?mi  

U(N,q,t,mi') = 3-3(t f 5) /N11+") '2  (16) 

the use of mi' indicating this extremum of choice for 
the loop sizes of the configuration. This extreme- 
entropy distribution consists of molecules with uniform 
center loops, but with end loops which are three times 
as large. While this is an esthetically satisfying result, 
a little contemplation, such as taking the second de- 
rivative of In U + crN and finding it negative, results 
in the conclusion that this is not the situation of maxi- 
mum, but of minimum entropy, i.e., the least probable 
loop size distribution. This reversal of the ordinary 
result of the Lagrangian method is due to  U being a 
decreasing, rather than the customary increasing, 
function of the m , ' s  

We can now infer the most probable Configurations of 
loop size distribution for this model. The equal- 
sized loops being those of lowest probability, the highest 
probability configuration must have all loops but one 
of size q, and that one bearing the remainder of the 
links. In chains of three or more loops, the large 
loop, of size N - rq, should be an inner loop to  take 
advantage of the - power. With r = 1, the sizes 
are q and N - q, and the m,-dependent probability 
factor becomes 
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For a molecule of three or more loops 

U(N,q,t,i?i,”) = l j -2 - t  2(N - f y ) - 1 ’ 2  (18) 

ini” here indicating the distribution of highest 
probability. For a distribution of small numbers 
of configurations, as epitomized by selection of m i  
among a small number of choices, the most probable 
distribution as given by (17) and (181, even including 
its neighbors in phase space, does not represent a good 
approximation to  the entropy. Many configurations of 
a nonmaxiprobable sort represent the state of the 
system often enough to make it necessary to  sum the 
weighted logarithm of the probability factors over 
phase space. In analogy with (3) and ( 5 ) ,  but using 
summation instead of integration, and indicating the 
nature of the summation over phase space more ex- 
plicitly, we have 

S(N,LIJ) = 

m 

(19) 

where the summations which appear as limits of sum- 
mations go from 1 to  i - 1 ; the summation limits of 
the denominator are identical with those in the numer- 
ator. For  constant t ,  this reduces to  (4), where the 
average here is a summation rather than an integration 
calculation. Substituting in (lo), for constant r 

reasonably large, however, even this overloads the 
computer program with impractical nests of DO loops. 
The summation was carried out, consequently, by 
using representative parameters, and the Monte Carlo 
method. The same X-phage-like parameters were 
chosen as above. namely N = 200, q = 2, and L C F  = 
lo-‘. Integral values of r from 1 to  15, and by fives 
through 50, were assigned for specific calculations 
and in general, random samples of 1000 were selected 
from the inl phase space, as described below, with 
duplicate summations carried out for a number of 
values of f. For t = 40, 45, and 50, the sample size 
was reduced to  500. The samp!e mi’s were obtained 
by setting the computer to  make the r random cuts 
described in step b of the process described in Figure 3, 
with all cuts coming within less than y (here 2) links 
of an already selected cut discarded; the n i t  become the 
distances between the cuts. For each sample of a 
group of mi ,  the value of Z(N,y,t,mJ, as given by the 
/??,-dependent product terms in (9), was computed, to- 
gether with its logarithm and the product of itself by 
its logarithm. Summation of a large-sample J In I ,  
divided by the summation of the corresponding I’s, 
is the sampling equivalent of the summations specified 
in (21). and is accurate to the extent that the sampling 
process covers phase space uniformly and without bias. 
The requisite entropy figures were then computed simply 
by adding k In F to the estimated k lln tit. 

The q limitation cut correction term: the second 
product term in (9). was computed in the rigorous form, 
instead of the first approximation as shown in (20). 

~. 

S(N,y,r) = k In [ (2 t ! ) - ’NZfa  ’ (LCF)‘] -t k( t  - 1) In (1 t l / r n , )  + ht In 1 - (i + l)(y - 1 ,J /N)  + 

Substituting (19) into (Y),and making the same shifts of 
terms made in (20) 

S ( N , L ~ J )  = /i In [1:2t!)-1~~+”! (LCF)‘] + 

The first two product terms in ( 2 1 )  and their logarithms, 
and the second and third additive terms in (20) rep- 
resent. as noted. the correction terms for single-loop 
branches, and y-limited loop sizes. 

Calculations and Results 
Exact summation of (20) or (21) is not possible in 

closed form. Even if the correction terms are ignored, 
and the integration approximation __ as  performed in 
(4) to  (8) is tried, the expressions of J In I and 7 become 
extremely cumbersome, as soon as t increases beyond 
1. With a computer, explicit summation of (20) and 
(21) is possible for  small va:ues of t .  As t becomes 

~~ 

Uncorrected values of J In I j J ,  computed without in- 
clusion of either of the first two product terms in (9), 
were simultaneously calculated so as to  estimate the 
importance of such terms, and the accuracy of the 
approximations made in (10) for them. 

Table I presents results of these calculations for a 
selection of the values of t .  The first row gives In 
F(N,q,r) with the parameters as stated. The next three 
rows give maximum, minimum, and Monte Carlo 
estimates of In J(N,q,t,inJ. Maximum estimate comes 
from (17) or (18), minimum from (16), and the Monte 
Carlo averages as described above. Where several 
samples were taken cited figures represent the averages. 
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T A B L ~  I 
TOTAL AUD CONTKIBUTDRY E L T R O P I ~ S  OF S L  P E P H ~ L I X  FOR\IATIO\ FOR VARIOUS t's 

( N  = 200, q = 2. LCF = 

--- _ _ ~ _ _  
1 2 3 4 5 10 20 50 

S(N,q,t) 
S( N,4 0 
Calcd cor 

(4  limitation) 
Calcd cor 

(one-loop branch) 
Calcd cor 

(total) 
Obsd cor 

8.64 
-8.97 

-13.81 
-11.00 
-2.36 
-3.05 

-0.015 

0,000 

-0.015 
-0.015 

4.04 -0.98 
-4.72 -5.06 

-15.03 -16.17 
-9.02 -9.90 
-4.98 -10.88 
-6.37 -12.96 

-0.05 -0.09 

0.04 0.09 

-0.01 0.00 
-0.06 0.00 

The following row gives the total corrected estimate of 
the entropy S(N,q,r) obtained by adding In F to the 
corrected Monte Carlo Z In I / I .  The following row 
gives an entropy estimate for a superhelix structure, 
with all loops twisted in the same direction; this 
is estimated, as described below, by subtracting t In 2 
from the entropy of the randomly looped structure 
with t twists. The last four rows present the sum of the 
two correction factors represented by the first two 
product terms in (9). In the first three rows, they are 
calculated from the two bracketed approximation 
terms of (lo), and ( 5 )  of Appendix A, and in the last 
row as the difference between the corrected and un- 
corrected value of I In I l l  in the Monte Carlo calculation. 
All entropy values are given in multiples of k eu, i.e.. 
the table is a representation of S:'k. 

Figure 4 is a plot of I In Z/l, as given by (lo), and 
calculated by the Monte Carlo method, for the cited 
values of t .  Duplicate sample calculations, where 
performed, are here presented as separate points. 
Scatter in the Monte Carlo points from I = 2 on up 

~- - 

-- 

__- 

-6 27 -11.79 -41.67 -108.0 -331.5 
- j , 4 0  -5.74 -7.45 -10.86 -21.02 

-17.25 -18.27 -22.72 -29.29 -38.79 
-11.16 -12.01 -16.01 -22.53 -44.06 
-17.44 -23.80 -57.68 -130.5 -375.6 
-20.21 -27.27 -64.61 -144.4 -410.2 

-0 15 -0.23 -0.85 -3.44 -24.4 

0 17 0 26 0.90 2 94 12.8 

9.01 0.03 0.06 -0.50 -11.6 
0.03 0.12 0.21 0.00 -11.7 

is visible, generally decreasing with increasing I .  The 
uncertainty of an individual sample of 1000 is about 
half of k eu in the value of I In I / Z ;  in the value of the 
correction terms, it is one- or two-tenths of k eu. The 
solid line represents the corrected values of Z In I : / ,  
and the dashed line the uncorrected ones. 

Figure 5 is a plot of S / k ,  using corrected cal- 
culations with I In I,/I and mean values of all samples, 
for the same values off .  

A picture of the entropy changes in the twisting of 
such models into randomly looped or  superhelically 
looped molecules emerges from the calculations. 
The major terms in the entropy expression are those 
appearing in F ,  the loop-size-independent part of S.  
F is given explicitly by (1 l ) ,  and its logarithm is of the 
form 

~ _ _ _  

~- 

- 

In F = 111 A - Bf - In ( I ! )  ( 2 2 )  

The weighted logarithm of I is a complex function, 
with the following features. 

1. A local peak appears at t = 1. This is due to 

I 

t 
Figuce 4. Mean entropy contribution ol'loop-size distributiojl dependent factor: Y = 202, (1 = 2, LCF = 10-4. 



CONFIGLJRATIONAL ENTROPY OF SUPFRHFLICES 657 

the lower probability factor associated with end loops 
(i.e., 1 ~ 7 ~  and mi+, to the power), and the greater 
ease of formation of middle loops, for which the 
- I,’.’ power appears in the probability factors. 

There is ii sharp drop toward zero entropy, by 
definition, for r := 0. 

There is a monotonic rise toward more negative 
entropy, for r :> 2. Without the correction factors, 
the rise is somewhat slower at  the higher i’s. The 
correction factors are in opposite directions. and nearly 
cancel one another out. up to  t = 25. They are tiny 
and negative at  small r ’ s?  slightly positive at interme- 
diate t’s, and negative at t’s above 20. having the effect 
of allowing a straight-line approximation from t = 2 
to  i = 50, valid within k eu, of the general form 

2. 

3. 

(23) 
-- 
I l n  I I I  = In AI - B’r 

where B’ is approximately 2 ’ 4 .  Above r = 50, the 
reduction in entropy due to the q limitation predomi- 
nates strongly enough to cause an upward curve to  the 
negative entropy in Figure 4, ultimately reaching the 
high level calculated for t = 99 below. Absolute 
differences between the last two rows of Table I are 
small, and represent Monte Carlo scatter, rather than 
failure of the approximations used. We further note 
that these correction terms should be added to the 
maximum and minimum I terms calculated for the 
second and third rows of Table I ;  otherwise the cor- 
retted value of I In 1;I for high t’s will appear to  be 
less than the estimate of the minimum. 

The interesting and wiggly In I part of the entropy 
is nearly lost in the larger In F,  and the peak is absorbed 
in the general rise of negative entropy, except as a 
slope flex. For the value N = 200, B is 5.3,  and a 
3k eu drop in -In I between t = 1 and r = 2 is more 
than compensated by the 5.3k eu rise from -In F. For 
a much smaller molecule, however, the effect of the 
two-loop entropy disadvantage may become observable. 

The theory does not describe entropies at nonintegral 
values of r ;  for such values, some reasonable interpola- 
tion could be chosen, based upon empirical approxi- 
mations to the curves drawn through integral t’s. A 
total approximation based on addition of ( 2 2 )  and (23) 
is roughly valid from t = 2 to t = 50, and rather accu- 
rately for f’s starting a bit higher. At low f :  taking 
the peak in In I and the sharp drop at t = 0 into account, 
a much more difficult function fitting is needed to  replace 
the discrete results with a closed empirical function. 

Calculations beyond t = 50 were not made, not 
merely because of their laboriousness, but because of 
the breakdown of approximation assumptions, and 
questions of the physically valid meaning in an area 
where most chains approach the minimum loop size (I. 
In theory as it siands, r can take the maximum value 
of N..’y - 1 ,  here 99. It is possible to calculate the 
predictions of the model, howsoever unreal, at or near 
this value, with a different approach from that of the 
correction terms. At maximum t ,  there are only 
f l / q  possible loops~ and all of the in, = q. Each such 
loop, not including the end ones, can be formed by 
q + 1 combinations of upper and lower segments, for 
a total of (y + l)’-’ configurations of segments, leading 
to  N ( q  + l)‘-l/.2 possible loop configurations. To- 

_ _ -  

2 5  +I‘ 

Figure 5.  Total entropy of’ superhelix formation: N = 

200,q = 2, LCF = IO-’. 

gether with other terms in L?, i.e., (LCF)‘N””, ( q ’ ” ) ‘ + I ,  
we can write 

where t,,,,, = Njci - 1. As there is no mi-dependent 
distribution of probability of individual configurations, 
the entropy is simply given by k In (2 ,  and for the ex- 
ample of the calculations above S(200,2,99)k = -896 
without twist entropy, as in (24),  and -965 (99  In 2 
has been subtracted) for the superhelix itself. An 
expansion about this value of r for near-maximal values 
would be possible for configuration counting, but 
has not been done here. We presume that Figure 5 
would show a fairly sharp rise near this value, although 
it is not much higher than one might guess from ex- 
trapolating the calculated curve (which includes the 
r In 2 entropy of twist) up to t = 99. 

Effect of Twist Direction. The calculations above 
apply to configurations of fixed t ,  without regard to  the 
direction of twist for each loop (except as noted for 
Figure 5 and the sixth line of Table I). An actual 
superhelix is perforce twisted predominantly in one 
direction, resulting in the over-under pattern visible 
in Figure 1 .  Such choice of twist direction reduces the 
number of possible chain configurations by the factor 
2‘. if twists in one direction only are allowed, and de- 
creases the entropy by k t  In 2 eu. The sixth row of 
Table 1 includes this quantity. This entropy of twist 
choice is not large, and could be hidden within the 
uncertainty of the LCF. of which it is in fact a part. 
In actual superhelices, the chain twists might not be 

all in the same direction. Any twisted chain observed 
to have t twists may belong to any of a number of 
families with ner chain twist in one direction defined as 
the one-dimensional vector quantity t. Given a 
single value of t, representing a family of f ’ s  each made 
up of I left-hand and r right-hand twists opposing each 
other, we see, using a left-hand convention for net 
twist, that t = I - Y. It follows 

where r can vary from 0 up, and is a continuous variable, 
just as are t and t. The family defined by a single 
value of t will thus be enumerated by the sum of all 
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configurations satisfying '25). 
number of configurations as R'(t), we have 

Defining this inclusive 

c. 

!2'(t) = Q(r)g(t) (2h) , =n  

Q is the function defined by (10) or (9), and g(r) is a 
weighting factor giving the fraction of configurations 
within the family with the particular value of r in that 
term of the sum. From (25) 

a 

Q'(t) = Q(t + 2r)g(t + 2r) (27) 
I = n  

The value of g(t + 2r) is the fraction of configurations 
with t net left-hand twists, and t + 2r total twists. 
There are 2t+2r equivalent configurations with t + 2r 
total twists included in R(t + 2r). Of these, (t + 
2r)!/(t + r)!r!, i.e., the binomial coefficient ( t  ; 2r), 

have the necessary t + r left-hand, and r right-hand, 

twists. Therefore g(t + 2r) is ( 2r),/2t+27. and 

Equation (28) gives Q'(t) as a summation; legiti- 
mately it should be an integral, reflecting the continuous 
nature of t, t ,  and r. We will continue to  treat it as a 
summation, since first the intermediate values of the 
binomial coefficients are not meaningful, even with 
extension to  y functions, and second the correctness 
of the theory for nonintegral numbers of loops has 
not been shown for the model used. Moreover, 
integration of the transcendental functions in closed 
form is not feasible. Seen as a summation, however, 
(28) is approximately summable in the interesting 
region of intermediate t. Here, as given by (22) and 
(23) 

Q(t) = ~ ~ ' e - " ' ' ) ~ / t !  (29) 

Whence 

R(N,q,t + 2r) = AA'e-'B+B')'t+2')/(t  + 2r)! (30) 

and, from (28) 

Q'(t) = n(t)2-' 
m 

2-2"e-"'+B')1'(t!)/(t + r)!r! 
i . = o  

(31) 

Making one further assumption, valid for t >> r, i.e., 
large t, or little contribution from terms with an appre- 
ciable fraction of right-handed twists, the quotient 
t ! l(t + r) ! becomes approximately t - r ,  and 

m 

R'(t) = Q(t)2-t [e-2(B+B')/4t]r/r! (32) 
r = 0 

a 

In (32), we recognize the series (ef",h!) = ee', where 

a here is -2(B + B')  - In 4t. Thus, for the number 
of configurations Q'(t) with a fixed net helix twist t, 
relative to  the number n(t) with t total twists 

nI(t)/R(t) = 2 - t  exp [e--2(B+B')/4t] 

r = o  

(33) 

The 2 - t  term in (33) reflects the selection of only one 
of the 2t possible configurations for the first member 
of the family. If only this member contributes sig- 
nificantly, the series terminates with the first term, and 
Q'(t)/n(t) = 2- t .  In this case, the entropy given in the 
sixth row of Table 1 corresponds to !2'(t), the number 
of configurations in the family. Where the quantity 
u is very negative (in the example used it is about -6 
-In t. and e" is about (200t)-'), the probabilities for 
configurations with r > 0 in the family become exceed- 
ingly small. Thus an ordinary superhelix of viral 
DNA dimensions should show little tendency for any 
twists to  form in the counterdirection. At higher t, 
the decrease of entropy with t becomes even more pro- 
nounced, and the likelihood of reverse twists here is 
even fainter. Only when the chain is exceedingly long, 
as N -+ (LCF)-l, does the chance of reverse twists at 
moderate or  high t's emerge. For  low t, especially 
the interesting case of t = 0, twists in both directions 
become possible. Here the approximations of our 
present treatment break down, and a more sophisticated 
approach to the configuration fraction would be needed 
to predict twist distributions. At zero t, some sym- 
metric distribution is present, dependent on chain 
stiffness and energy fluctuations. 

Entropy computations for the collections with a 
single value of t are identical with those given in (20) 
and (21). corrected by k t  In 2, for the case in which 
reverse twists are not frequent. For low t, or very high 
N, the assumption of constant t ,  used in formulating 
(20) and (21), is incorrect. In this instance, we must 
substitute for (20) 

1 Q ' I n Q ' d t  
S(N,q,t) = k ___---~ (34) 1; f2'dt 

Once again replacing (2'  by a pair of factors F'(N,q,t) 
and I'(N,q,t,m,) respectively independent of and de- 
pendent on the loop size distribution, we now have 

S(N,q,t) = 

1 F ' r l n  F' I '  + ( I '  In I ' )  dt  

lni'[ I 3  dt 
(35) 

~~~ 1 
The integration over t in (35) is similar to  that replaced 
by a summation and performed in (28)-(33). For 
evaluation in closed form, integrable or summable 
functions F'(t) and I'(t) are needed. If the exponential 
approximations for F'(t) and f' In I ' j I '  of (22) are used, 
(35) becomes integrable. In the region of applicability 
of (22) and (23), however, the lowest value of t alone, 
i.e., t ,  gives almost all the contributions to  R. And in 
this case, there is no need to  evaluate ( 3 9 ,  since t is 
sensibly constant. At low values of t, a correct func- 
tion meeting the known integral values of t is hard to  
find, and has not been considered. 

Consideration of the en- 
tropy of such multiply looped structures as faced here 
has been the major stumbling block to formulation of a 
complete statistical model of the superhelix molecule. 

~ 

Applications of Theory. 
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The following problems are now amenable to  con- 
sideration, and in some cases comparison with ex- 
periment. 

1. Distributions ol' t .  Given a fixed torsional 
energy, resulting from uniform untwisting of the primary 
helix with a known torsional modulus, the twisting of 
the chain into a superhelix is driven with a finite avail- 
able free energy. Opposed to  this energy is the en- 
tropy of loop formation and twist. as here treated. 
Neglecting fluctuations, the equilibrium value of t will 
be reached which corresponds to  zero free energy. a 
number not necessarily integral. And given this value 
of t, a family of different t's results, with possibility 
of some reverse twists which is generally small, but 
given by some expression like (28) or its integral equiva- 
lent, viewed as a distribution over r .  Besides the dis- 
tribution of apparent twists, a further distribution of t 
is possible from fluctuations in the energy, a function 
which must be calculated from additional parameters 
involving torsional degrees of freedom and rotational 
thermal random oscillations. 

2. Superhelix loop distributions for fixed t .  Given a 
weighting function for loop closing probabilities, such 
as that chosen in the present model (i.e., sharp cutoff 
a t  minimum loop size = q,  loop closure probability 
proportional to  m - '  "), or an improved model with a 
more realistic loop closure probability taking excluded 
volume and chain stiffness into account. loop size 
distributions are generable. Using the random- 
number approach of the programs used to  calculate 
entropy with the present model, assemblies of loops 
into representative samples can be generated pictorially, 
or semiempirical analytical distributions can be pre- 
pared. It is only necessary to generate a large sample 
of groups of m,, and to  decide whether to  include a 
given set in the representative sample by a chance de- 
cision maker whose probability of acceptance is pro- 
portional to I(N.q.,r,n?,) for this set. 

3. Hydrodynamic variables. These depend on  the 
expected values of t ,  and on the loop size distribution. 
As given by this or an improved theory, such variables 
can now be calculated more realistically, with more cor- 
rect dependency on t. 

Two lines of observation show the presence of actual 
superhelical forms in cyclic double-stranded DNA, 
the direct and the indirect. The direct electron micro- 
scopic observations suffer from uncertainty in arti- 
factual effects. Yet one can hardly doubt the existence 
of substantial supercoiling from available electron 
microscope pictures, l 1  even though there might be 
quantitative doubts about artifacts in the values of t 
apparently observed. The indirect observations12-1z 
of changes in sedimentation velocity, titration, or 
binding of intercalative dyes, are subject to  uncertainties 
of molecular shapes, and estimates of such provided 
by this theory may be useful in making them more 
quantitative. Two sizes of DNA in superhelical form 

(11) V. C. Bode and L. MacHattie, J .  Mol. Eiol., 32, 673 

(12) J. Vinograd and J. Lebowitz, J .  Geu. Phj,siol., 49, 103 

(13) J. P. Le  Pecq, Thesis, Faculte des Sciences, Paris, 1965. 
(14) M. J. Waring, J .  Mol. Bid. ,  13, 269 (1965). 
(15) L. V. Crawford and M. J. Waring, ibid., 25 ,  23 (1967). 

(1968). 

(1966). 

have been studied, the 3 X lo6 Dalton rings of SV 40 
and polyoma DNA, and the 3.2 X 10' rings of A, 
corresponding t o  the calculations performed here. 
If we use the Hearst Stockmayer estimate'" of 717 A 
for the independent link length of the DNA, and a 
molecule length as estimated at  200 Daltons;A for the 
linear density," we arrive at  N = 220 for A-DNA. and 
N = 21 for the shorter species. Bode and MacHattie" 
observed variable t's up to about 140 by electron micro- 
scope measurement, somewhat above what a sharp 
cutoff a t  q = 2 would allow. Obviously the link is not 
a stiff volumeless rod, and by dint of bending beyond 
that acknowledged in this theory, more than N,'q loops 
can be formed. In the case of the smaller DNA's. the 
estimated t's run2 12-15, also slightly exceeding the 
N;q estimate. These observations suggest that these 
observed superhelices have twist forces available which 
substantially exceed the resistance due to entropy, 
and which push up against the steeper forces of chain 
bending or sharp configurational limitation not pre- 
dicted by our model. With X-DNA prepared at  
medium high salt concentrations, the value of t is de- 
creased to the intermediate range, where relevancy of 
the theory is high. The DNA produced at low salt 
concentrations shows substantial branching, while that 
from medium high concentrations has little or none. 
This is a point not directly treated by the present theory. 
However, the defining of a branch as a point where one 
of the segments in a given loop contains zero of the 
mi  links assigned to  that loop, and the other segment 
contains all m i  of them, results in a similar prediction, 
for the single-loop branches allowed. The correction 
to the entropy rises approximately as r 2  for low t ,  
and becomes very large at high t's. At maximum t ,  two 
out of y + 1 loops are branches. This type of branch 
will be decreased in quantity by directional restrictions 
which have not been considered here for high values of 
r requiring a predominance of small loops. 

The loop size distributions are in good harmony 
with observed electron microscope pictures, a t  least 
qualitatively. The hydrodynamic model used by 
Bloomfieldti and the "constant superhelix density" 
used by Vinograd, et UI . ,~  do not agree with predictable 
distributions for low or moderate t ' s .  At or near maxi- 
mum 1, the loop sizes approach the equality of these 
simple models. However, both theory and the electron 
microscope pictures suggest that branching should 
be taken into account in hydrodynamic calculation 
when the molecule is heavily looped. 

As for the energies involved in the helix twist, esti- 
mates cited by Bauer and Vinograd',I6 of 200- and 350- 
kT per molecule for lG have been made for superhelical 
polyoma DNA, with a hydrodynamic estimate of 16 
loops. or r = 15. Using a completely twisted model, 
and allowing N = 32 (the estimate above of 21 would 
allow only ten loops or less), and L/ = 2, we calculate a 
value of 13Ok-T eu for the configurational entropy 
loss of the totally looped molecule. Though quite 
unreliable for theoretical reasons, as well as due to 
the uncertain guess of lop4 for LCF, this is of com- 
parable magnitude to the free energy estimate. The 

(16) W. Bauer and J. Vinograd, Abstracts, 1969 Meeting of 
the Biophysical Society, Los Angeles, Calif. 
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presence of AH terms in the free energy loss, coming 
from solvation changes or intramolecular heat changes 
as the strain is relieved, cannot be picked up by this 
comparison. If AH is zero, the equality between AG, 
as stored in the superhelix, and -TAS, as observed 
experimentally on such molecules, together with an 
accurate theory of the configurational entropy, should 
allow verification of dependence of superhelix free 
energy on chain twist. 

We question whether the dependence of AG on t 
is quadratic, as suggested by Bauer and Vinograd.? 
The curve of Figure 5 ,  which gives the free energy, if 
AH terms are small, is more nearly linear along most of 
its length than quadratic, and only starts to  rise in 
curvature a t  high r .  Dependence of r,, upon t ,  and 
consequently a nonconstant LCF, would introduce 
higher power dependence of S upon t .  Our first in- 
tuitive scrutiny of the question leads us to believe that 
for a reasonably torsionally stiff chain, increase in t 
would simply spread the increased force driving the 
chains into contact over a larger number of contacts, 
leaving the value of r ,  affected to only a small degree. 
At and near maximum twist, of course, we would agree 
that re should become substantially smaller. And 
since the resulting entropy change has a logarithmic 
dependence on re, ,  we would expect the form of the 
curve of Figure 5 to reach quadraticity only by happen- 
stance. 
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Appendix A 

Contribution of Single-Loop Branches to Superhelix 
Entropy. In eq 9 of the main text, we seek the product 

11 (mi + 1) = mi (1 +1 /mi), finding suitable 

approximation for the latter product term, and es- 

pecially for its logarithm In (1 + l/mt), where mi 

are all possible sizes of the t + 1 loops from q through 

N - tq, such that m i  = N. The second product 

term is a correction term which would be expressed as 

t t t 

, = 2  i = 2  i - 2  

t 

1 = 2  

t 

1 = 2  

(1 - 1/mi), if we had not included loops with zero 

upper or lower segment links, ix., single-loop branches, 
in our count. We consequently refer to  it as a single- 
loop branch contribution correction. Strictly, it is 
about half the single-loop branch contribution, the 

other half being hidden in the product 11 mi. 

An averaging approximation, in which the mean value 
of In (1 + l/mi), represented as In ( 1  ~ . _ _  + mi), is computed, 
gives the desired result as ( t  - 1) In (1 + l /mi ) .  The 
random nature of the t cuts in the N-link chain made in 
step b of the process shown in Figure 3 determines the 
m i  in a loop size distribution which is approximately 

c=1 

t 

1 = 2  

exponential, with minimum size q, and maximum size 
N - tq. We therefore can consider such a n  exponential 
distribution, giving rise to  a population of mi, and can 
calculate the desired average correction therefrom. 

Consider each loop size mi to  arise from a cut made 
in the N-link chain, mi units from the previous cut, 
with a minimum ofq. The likelihood of such a n  eventu- 
ality is p(1 - where p is the probability of a 
cut a t  one point, since the likelihood of no cuts a t  the 
m i  points from q through nil - 1 is 1 - p each. The 
quantity 11 is determined by considering the cut density. 
There are f cuts a t  N - 1 - 2(t + l)(q - 1) possible 
points, to first approximation. This figure arises from 
consideration of the obliteration of 2(q - 1) points 
from cut eligibility for each of t cuts because of the q 
minimum restriction, and from the ineligibility of the 
2q points a t  each end of the N + 1-point, N-link chain, 
for essentially the same reason. The cut density is thus 
approximately 

,V = t,/[N - 1 - 2(t + l)(q - l)] ('41) 

This value is only strictly correct for t = 1, /.e., when 
no overlap of the obliterated points occurs. At larger 
values of t ,  overlap will reduce the obliterated points 
from 2(q - 1) points, for t = 1, to an average of (q - 1) 
points per cut for t = N/q - 1 .  We linearize the 
overlap to give 2(q - 1) - ( t  - l)q(q - 1)/(N - 2q) 
as the average number of obliterated points per cut. 
The same fractional decrease applies to the points at 
the chain ends. We consequently replace the 2(q - 1) 
in (Al)  by the corrected approximation above for 
average number of obliterated points per cut, in essence 
considering the origin as the (t + 1)th cut, and replace 
(Al)  by the improved approximation 

/ I  = t / ( N  - 1 - (q - I)(t + 1) X 

[2 - dt - 1)/(N - 241) (A2) 

Equation A2 reduces to  the simpler (Al) for t = 1, 
and nearly so for small t ,  in which overlap is infre- 
quent. When t = N/q - 1, at  which point all possible 
cuts must be made to  divide the chain into Nlq loops 
of q links each, p = 1 ,  from (A2). Equation A1 has 
long since ceased to hold. 

We now calculate the mean values of In (1 + l i m o  
in the assembly of mi's resulting from the exponential 
distribution given byp(1 - p)"'-*. The average of any 
function of mi  can be computed from the quotient 

The summations over mi can be approximately replaced 
by integrals, using the same limits; the function of 
interest is In (1 + l /mi).  We get its approximate 
average from 

J (I 
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where n7, has been replaced by nz in the integrals. 
The upper limit of the integral is not very critical, 

as  (1 - I)),>"~ becomes very small for values of t or of 
ini beyond smalI integers; moreover the contribution 
of the infrequent large nii's to  the value of the numer- 
ator (A3) is small. The upper limit could be taken as 
infinity, without great error, or as a n  arbitrary N/2, 
reflecting an average point of impossibility of loop 
continuance. A more accurate approximation would 
introduce a weighting factor of approximately triangular 
form to represent the lower likelihood of the longer 
loops. None of these changes would affect the en- 
tropy contribution by sensible amounts, and we pro- 
ceed as  indicated in (A4). 

Performing the indicated integrations, we find 

In ( 1  + l irn,)  = ( In  (y + 1)  - In c/ - 
(1 - p).v-(t+l)G' In [1 + 1!(N - rq)] - Ei[(y + 1) X 

In (1 - p)] / ( l  - p)"' + Ei[q In (1 - p)]U - p)9 + 
Ei[(N - 24 + 1) In (1 - p)] / ( l  - p)Yfl - 

(A51 

where Ei is the exponential integral e' dx/x, and is 

read from tables, or computed in subroutine series, as 
the negative of the tabulated values of -Ei(-x), 
since all arguments thereof are negative. 

We omit description of the integration, performed 
with standard substitutive and parts methods, but cite 
the results of the indefinite integration of the numer- 
ator Nu, and the denominator, De, of (A4) 

Lrn 

N U  = 

(1 - p)"' In (1 + I,'n?) + Ei[m In (1 - p)] - 
{ Ei[(nz + 1 )  In (1 _ _ _ ~ _ _  - p)] ;  /(I - p )  

(A61 

(A7) 

___.- 

In (1 - 11) 

D e  = ( 1  - p)m/ln (1 - p )  

where Ei is here the indefinite form of the exponential 
integral. Substitution of limits and division of (A6) 
by (A7) gives (A5), and the correctness of the integra- 
tion can be verified by differentiating to  give (A4). 

The quantity h (1 + I/$,: as given by (A5) and 
(A2), is the correction factor given in the main text in 
eq 9 and Table I. Computation thereof was pro- 
grammed on Wang 380 calculator? for the same values of 
N ,  q, and t as given for the other entropy parameters in 
Table I. The two terms in the exponential integral 
of the upper limit, as well as the logarithmic term in the 
numerator containing the upper limit, in eq A5, 
were negligible, except in the case o f t  = 2, for which 
they were included in the calculation. The denomi- 
nator of (A5) differs appreciably from unity only for t 
from 2 to 5 ,  but was correctly included in the program 
for all values of t .  Thus above t = 5 ,  the existence of an 
upper limit t o  the loop size (with A' = 200 and q = 2) 
could be totally ignored. Above t = 2 ,  such limit only 
contributes a small factor to the denominator of (A5). 
Since the terms which are appreciably affected by an 
uncertainty in the upper limit of loop size only occur 
at a time when the whole correction is small, we feel the 
computed correction is a satisfactory representation ot 
the contribution of single-loop branches to  the entropy, 
and certainly more accurate than the uncertainty in the 
Monte Carlo method used would necessitate. 

Thermodynamics of Equilibrium Polymerization in Solution. 
Effect of Polymer Concentration on the 
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Cnnndn. 

ABSTRACT': Recmtly, it has b-en shown that for an equilibrium polymerization in solution. the equilibrium 
monomer volume fraction &, varies with the polymer volume fraction +,. in accordance with the linear relation 
& = A 4- B& In this paper the relation between the constants A .  B, AG,,. the free-energy change upon the con- 
version of 1 mol of liquid monomer to 1 base-mol of long chain amorphous polymer, and the interaction param- 
eters x . ~ ,  x,,,~. and xm. is emphasized, the subscripts m, p. and s referring to monomer, polymer, and solvent. 
respectively. Calculations show that, for a given monomer, the equilibrium position is predominantly determined 
by xm.. the monomer-solvent interaction parameter. Expressions for the variation of A with temperature and 
the effect of short chains O A  the value of Results calculated from these expressions are in good 
agreement with those of the literature. 

are deduced. 

A state of equilibrium between monomer and 
"living" polymer may be attained in the course 

of a n  anionic or  cationic polymerization. Ivin and 
Leonard' have recently observed that in the case of the 

equilibrium anionic polymerization of a-methylstyrene 
in tetrahydrofuran (THF), a t  certain temperatures, the 
equilibrium monomer concentration decreased linearly 
with increasing concentration of polymer. 

Taking into consideration the effect of polymer 
( I )  I<. J. Ivin and J. Leonard, Eirr. P o ~ J , ~ .  J. ,  in press. concentration on the equilibrium monomer concen- 


